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RIGIDITY THEORY FOR C∗-DYNAMICAL SYSTEMS
AND THE “PEDERSEN RIGIDITY PROBLEM”
S. KALISZEWSKI, TRON OMLAND, AND JOHN QUIGG
Abstract. Let G be a locally compact abelian group. By mod-
ifying a theorem of Pedersen, it follows that actions of G on C∗-
algebras A and B are outer conjugate if and only if there is an
isomorphism of the crossed products that is equivariant for the
dual actions and preserves the images of A and B in the multiplier
algebras of the crossed products. The rigidity problem discussed in
this paper deals with the necessity of the last condition concerning
the images of A and B.
There is an alternative formulation of the problem: an action
of the dual group Ĝ together with a suitably equivariant unitary
homomorphism of G give rise to a generalized fixed-point algebra
via Landstad’s theorem, and a problem related to the above is to
produce an action of Ĝ and two such equivariant unitary homo-
morphisms of G that give distinct generalized fixed-point algebras.
We present several situations where the condition on the images
of A and B is redundant, and where having distinct generalized
fixed-point algebras is impossible. For example, if G is discrete,
this will be the case for all actions of G.
1. Introduction
When presented with a C∗-dynamical system, which we call simply
an action, one of our first impulses is to form the crossed product C∗-
algebra. A fundamental question arises: how do we recover the action
from the crossed product? The short answer is: we cannot the crossed-
product C∗-algebra is not enough information. So, the next questions
are: (1) what extra data do we need to recover the action, and (2) in
what sense can the action be recovered? Crossed-product duality is
largely devoted to these questions.
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2 KALISZEWSKI, OMLAND, AND QUIGG
We consider actions of a fixed groupG, and we want to recover (A,α).
If we are only given A oα G, we cannot even recover the C∗-algebra
A up to Morita equivalence. In other words, there exist non-Morita-
equivalent C∗-algebras A and B carrying actions of a group G such
that AoG ' B oG. Instances of this are surprisingly hard to find in
the literature, but for example [KOQ14, Remark 4.3] shows how to do
it with A and B commutative and G discrete abelian.
We will assume throughout that G is abelian. Most of the following
is true for nonabelian G, but this involves coactions, which would tend
to obscure the heart of the matter. If G is an abelian group, A is a
C∗-algebra, and α : G → AutA is an action, then there is an action
α̂, called the dual action, of the dual group Ĝ on the crossed product
AoαG, and the (Takesaki-)Takai theorem says that the crossed product
by the dual action is isomorphic to A⊗K(L2(G)). Moreover, the double
dual action corresponds to the tensor product of α with conjugation by
the right regular representation ρ of G. Thus, Takai duality recovers
the original action (A,α) of G up to Morita equivalence from the dual
action (Aoα G, α̂) of Ĝ.
To recover more about α, we need more information about the
crossed product. Raeburn’s abstract definition of the crossed product,
using universal properties, gives a covariant homomorphism (iA, iG)
of (A,G) in the multiplier algebra M(A oα G) such that every other
covariant homomorphism (pi, U) in M(B) factors through a homomor-
phism pi × U : AoG→ M(B). Landstad duality says that the action
(A,α) can be recovered up to conjugacy (equivariant isomorphism)
from the data (Aoα G, α̂, iG). Abstractly, we are given an equivariant
action (C, ζ, V ) of Ĝ, i.e., an action (C, ζ) of Ĝ and a strictly contin-
uous unitary homomorphism V : G → M(C) that is equivariant for ζ
and the action αG of Ĝ on C∗(G) determined by αGγ (s) = γ(s)s for
γ ∈ Ĝ, s ∈ G where we freely identify elements of G with unitaries
in M(C∗(G)). The rough idea is to construct iA(A) as a generalized
fixed-point algebra Cζ,V of the equivariant action.
In [KOQ16] we explored a duality intermediate between Takai and
Landstad duality, that we called outer duality, but which perhaps de-
serves to be christened “Pedersen duality”. This intermediate dual-
ity is based upon Pedersen’s theorem: two actions α and β of G
on A are exterior equivalent if and only if there is an isomorphism
Θ: (A oα G, α̂)
'−→ (A oβ G, β̂) such that Θ ◦ iαA = iβA. Escap-
ing from the single C∗-algebra A, an alternative version of Pedersen’s
theorem (see Theorem 2.1 below) says that two actions (A,α) and
(B, β) of G are outer conjugate if and only if there is an isomorphism
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Θ: (A oα G, α̂)
'−→ (B oβ G, β̂) such that Θ(iA(A)) = iB(B). Thus,
Pedersen shows how to recover the action (A,α) up to outer conju-
gacy if we know the dual action (C, ζ) and the generalized fixed-point
algebra Cζ,V , but perhaps not the equivariant homomorphism V itself.
After proving the outer duality theorem, we naturally wanted to give
examples exploring the boundaries of Pedersen’s theorem. More pre-
cisely, we searched for examples of two actions (A,α) and (B, β) of G
such that the dual actions α̂ and β̂ are conjugate, but α and β are not
outer conjugate. Equivalently, we want there to be an isomorphism
between the dual actions, but not one that preserves the generalized
fixed-point algebras. Somehow surprisingly, we were not able to pro-
duce any examples of this phenomenon, and moreover, we discovered
a complete absence of such examples in the literature. This is strik-
ing, since it is tempting to conjecture that one of the first questions
researchers must have asked about crossed products is, how much in-
formation do we get from only knowing the dual actions? It seems to
us that this investigation is long overdue.
Thus we are led to what we call the Pedersen rigidity problem: either
find explicit examples of two non-outer-conjugate actions with conju-
gate dual actions, or prove that this cannot happen. Such a theorem
would (at least for abelian groups) result in a significant simplification
of Pedersen’s theorem, namely removing the clause about the general-
ized fixed-point algebras; we suspect that counterexamples do in fact
exist. Our ultimate goal is a definitive answer to this question, but
so far we have made only partial progress, namely we have found a
number of “no-go theorems”: the phenomenon of non-outer-conjugate
actions with conjugate dual actions cannot occur if (1) G is discrete,
(2) A and B are stable, (3) A and B are commutative, (4) α or β is
inner, (5) G is compact and α and β are faithful and ergodic, or (6) A
is covered by invariant ideals on which the action is strongly Pedersen
rigid in the sense that the dual action has only one generalized fixed-
point algebra. In light of these no-go theorems, it is apparent that the
phenomenon of multiple generalized fixed-point algebras is delicate.
We begin in Section 2 by recording our conventions regarding ac-
tions, crossed products, outer conjugacy, and Pedersen’s theorem(s).
In subsequent sections we prove the no-go theorems. The final such
theorem includes the case of locally unitary actions on continuous-trace
C∗-algebras, and we explain in a remark that this context was in fact
the germ of the idea leading to the last no-go theorem.
Some of this research was done during a visit of the third author to
the University of Oslo, and he thanks Erik Be´dos, Nadia Larsen, and
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Tron Omland for their hospitality. Other parts of the work were done
during the second author’s visit to Arizona State University, and he is
grateful to the analysis group at ASU for their hospitality.
We thank the referee for comments that improved the quality of this
paper.
2. Preliminaries
Throughout, G will be a locally compact abelian group, A a C∗-
algebra, and α : G → AutA an action of G on A. Since G will be
fixed, we just say that (A,α) is an action. We adopt the conventions of
[EKQR06, Appendix A] for actions and crossed products, and here we
recall the basic notation and results we will need. If (A,α) is an action
and B is a C∗-algebra, a covariant homomorphism of (A,α) in M(B) is
a pair (pi, U), where pi : A→M(B) is a nondegenerate homomorphism
and U : G → M(B) is a strictly continuous unitary homomorphism
such that
pi ◦ αs(a) = AdUs ◦ pi(a) = Uspi(a)U∗s for all s ∈ G, a ∈ A.
The crossed product of (A,α) is a triple (AoαG, iA, iG), where AoαG
is a C∗-algebra and (iA, iG) is a covariant homomorphism of (A,α) in
M(A oα G) with the universal property that for any covariant homo-
morphism (pi, U) of (A,α) in M(B) there is a unique nondegenerate
homomorphism pi×U : AoαG→M(B), called the integrated form of
(pi, U), such that
(pi × U) ◦ iA = pi and (pi × U) ◦ iG = U.
Sometimes we write (iαA, i
α
G) if ambiguity is possible, and on the other
hand we sometimes write A o G if α is understood. By definition,
the crossed product is unique up to isomorphism in the sense that if
(B, pi, U) is another crossed product then there is a unique isomorphism
θ : Aoα G
'−→ B such that θ ◦ iA = pi and θ ◦ iG = U .
Given an action (A,α), because G is abelian there is a unique action
α̂ of the dual group Ĝ on Aoα G such that
α̂γ ◦ iA = iA and α̂γ ◦ iG(s) = γ(s)iG(s) for all s ∈ G, γ ∈ Ĝ.
A conjugacy, or isomorphism, between two actions (A,α) and (B, β)
is an isomorphism φ : A
'−→ B that is α−β equivariant in the sense that
φ◦αs = βs◦φ for all s ∈ G, and α and β are conjugate, or isomorphic, if
such a φ exists. Given a conjugacy φ, the pair (iB ◦φ, iβG) is a covariant
homomorphism of (A,α), and the integrated form φoG is a conjugacy
(Aoα G, α̂)
'−→ (B oβ G, β̂).
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(Takesaki-)Takai duality [Tak75, Theorem 3.4] says that the double
dual action (
Aoα Goα̂ G, ̂̂α)
is conjugate to (A ⊗ K(L2(G)), id ⊗ Ad ρ) (the part about the double
dual action is not stated in [Tak75], but appears in [Ped79, Theo-
rem 7.9.3], for example).
Two actions (A,α) and (B, β) of G are Morita equivalent if there
exist an A − B imprimitivity bimodule X and an α − β compatible
action u of G on X, i.e., for all s ∈ G and x, y ∈ X we have
αs
(
A〈x, y〉
)
= A〈us(x), us(y)〉
βs
(〈x, y〉B) = 〈us(x), us(y)〉B.
By [RW98, Remark 7.3], the above properties imply that u is also
compatible with the bimodule structure, i.e.,
us(ax) = αs(a)ux(x) and us(xb) = us(x)βs(b)
for all a ∈ A, x ∈ X, b ∈ B. If α and β are Morita equivalent, then
so are the dual actions α̂ and β̂; for the crossed-product C∗-algebras,
this Morita equivalence is proved in [Com84, Section 6, Theorem] and
[CMW84, Theorem 1], and the existence of an α̂− β̂ compatible action
on the crossed-product imprimitivity bimodule follows from [EKQR06,
Proposition 3.5] (see also [Kus08, Lemma 3.3]). It follows from Takai
duality that the double dual action (AoαGoα̂G, ̂̂α) is Morita equivalent
to (A,α).
An inner action of G on A is one of the form Adu, where u : G →
M(A) is a strictly continuous unitary homomorphism. In this case
there is a conjugacy
(Aoα G, α̂) ' (A⊗ C∗(G), idA ⊗ αG),
where αG is the unique action of Ĝ on C∗(G) such that αGγ (s) = γ(s)s
for all γ ∈ Ĝ, s ∈ G. Note that the above terminology is somewhat
inconsistent within the literature. What we call an inner action is
sometimes called a “unitary action”. Moreover, we will still use the
notion “locally unitary action” later on, e.g. in Corollary 4.12.
Landstad duality [Lan79, Theorem 3] (stated for abelian groups in
[Ped82, Theorem 28], and in somewhat more detail in [KOQ16, The-
orem 2.2]) says that, for a C∗-algebra C, there exist an action (A,α)
of G and an isomorphism θ : A oα G
'−→ C if and only if there ex-
ist an action ζ of Ĝ on C and a αG − ζ equivariant strictly continu-
ous unitary homomorphism V : G → M(C). Moreover, given such a
triple (C, ζ, V ), which we call an equivariant action of Ĝ, the action
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(A,α) and the isomorphism θ can be chosen such that θ is α̂− ζ equi-
variant and θ ◦ iG = V ; with such a choice, if (B, β) is any action
and σ : V oβ G
'−→ C is a β̂ − ζ equivariant isomorphism such that
σ ◦ iG = V , then there exists a conjugacy ϕ : (A,α) '−→ (B, β) such
that σ ◦ (ϕoG) = θ. In fact, we can take A to be the C∗-subalgebra of
M(C) consisting of all multipliers m satisfying Landstad’s conditions
(1) ζγ(m) = m for all γ ∈ Ĝ;
(2) mV (f), V (f)m ∈ C for all f ∈ Cc(G);
(3) s 7→ AdVs(m) is norm continuous from G to C,
and we can let α be the restriction of (the extension to M(C) of) the
inner action AdV . Then, letting ι : A → M(C) be the inclusion map,
the pair (ι, V ) is a universal covariant homomorphism of the action
(A,AdV ). We write Cζ,V = A, and call it the generalized fixed-point
algebra of the equivariant action (C, ζ, V ). Note that, given equivari-
ant actions (C, ζ, V ) and (D, ε,W ) of Ĝ, if Θ: (C, ζ)
'−→ (D, ε) is a
conjugacy such that Θ ◦ V = W , then Θ(Cζ,V ) = Dε,W . In [KOQ16,
Corollary 2.6] we recorded a routine consequence of Landstad dual-
ity that we sometimes find useful (which in the following rendition we
translate into the context of abelian groups): if (C, ζ, V ) is an equivari-
ant action of Ĝ and ϕ : A → Cζ,V is an isomorphism, then there exist
an action α of G on A and a conjugacy
Θ: (Aoα G, α̂)
'−→ (C, ζ)
such that
Θ ◦ iG = V and Θ ◦ iA = ϕ.
A cocycle for an action (A,α) is a strictly continuous unitary map
u : G → M(A) such that ust = usαs(ut) for all s, t ∈ G. In this case
Adu ◦α is also an action of G on A, which is called exterior equivalent
to α. In particular, a strictly continuous unitary homomorphism is a
cocycle for the trivial action ι, and an inner action is exterior equiv-
alent to ι. Two actions (A,α) and (B, β) are outer conjugate if β is
conjugate to an action on A that is exterior equivalent to α. If α and
β are outer conjugate, then the dual actions α̂ and β̂ are conjugate.
Also, outer conjugacy is stronger than Morita equivalence (strictly so,
because (A,α) and (B, β) outer conjugate implies A ' B).
Pedersen’s theorem [Ped82, Theorem 35] (stated more precisely in
[RR88, Theorem 0.10], and generalized to nonabelian groups in [KOQ16,
Theorem 3.1]) says that two actions α and β of G on A are exte-
rior equivalent if and only if there is a conjugacy Θ: (A oα G, α̂)
'−→
(Aoβ G, β̂) such that Θ ◦ iαA = iβA. We take this opportunity to record
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an alternative version, which seems not to be explicitly recorded in the
literature, but which is an immediate consequence of [KOQ16, proof of
Theorem 5.9]:
Theorem 2.1 (Pedersen’s theorem). Two actions (A,α) and (B, β) of
G are outer conjugate if and only if there is an isomorphism
Θ: (Aoα G, α̂)
'−→ (B oβ G, β̂)
such that
(2.1) Θ(iA(A)) = iB(B).
Proof. The forward direction is an obvious corollary of Pedersen’s the-
orem, so suppose that Θ is an isomorphism satisfying (2.1). Let V =
Θ ◦ iαG. Then (B oβ G, β̂, V ) is an equivariant action of Ĝ, with
(B oβ G)β̂,V = Θ
(
(Aoα G)α̂,i
α
G
)
= Θ(iA(A)) = i
β
B(B),
and iβB : B → iβB(B) is an isomorphism, so by Landstad duality there
are an action ζ of G on B and a conjugacy
Ψ: (B oζ G, ζ̂)
'−→ (B oβ G, β̂)
such that
Ψ ◦ iζG = V and Ψ ◦ iζB = iβB.
Thus by Pedersen’s theorem the actions β and ζ are exterior equivalent.
On the other hand, we have a conjugacy
Ψ−1 ◦Θ: (Aoα G, α̂) '−→ (B oζ G, ζ̂),
taking iαG to i
ζ
G, so again by Landstad duality the actions α and ζ are
conjugate. Therefore α and β are outer conjugate. 
Definition 2.2. We will refer to (2.1) as Pedersen’s condition.
Thus, Pedersen’s theorem says that two actions of G are outer con-
jugate if and only if there is a conjugacy between the dual actions
satisfying Pedersen’s condition.
It is useful to compare Pedersen’s theorem (Theorem 2.1) to Land-
stad duality: it follows from the latter that two actions (A,α) and
(B, β) of G are conjugate if and only if there is an isomorphism
Θ: (Aoα G, α̂)
'−→ (B oβ G, β̂)
such that
Θ ◦ iαG = iβG.
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3. The Pedersen rigidity problem
The alternative form of Pedersen’s theorem (Theorem 2.1) leads to
The Pedersen rigidity problem. Does there exist an example of two
non-outer-conjugate actions α and β of G such that the dual actions α̂
and β̂ are conjugate? Equivalently, is Pedersen’s condition Θ(iA(A)) =
iB(B) in Theorem 2.1 redundant?
We have only found a few references to this question in the literature;
for example, Buss and Echterhoff say in [BE15, Remark 3.13 (e)] that it
“is not clear to us” whether “there might exist two different structures”
giving “different generalized fixed-point algebras”.
First, we remark the following: suppose that we have an isomorphism
ϕ : A
'−→ B and two actions β and γ on B that are not exterior
equivalent. Then define an action α on A by setting
αg(a) = ϕ
−1(βg(ϕ(a))).
Then (A,α) and (B, γ) are not outer conjugate. In other words, there
are two ways to produce non-outer-conjugate actions; either via non-
isomorphic C∗-algebras, or via non-exterior-equivalent actions.
In the following sections we present various no-go theorems, giving
general conditions under which Pedersen’s condition is redundant. Our
no-go theorems seem to come in two flavors, which we characterize via
the following definitions:
Definition 3.1. An action (C, ζ) of Ĝ is strongly fixed-point rigid if
it has a unique generalized fixed-point algebra, i.e., for any two Ĝ-
equivariant strictly continuous unitary homomorphisms V,W : G →
M(C) we have
Cζ,V = Cζ,W .
An action (A,α) of G is strongly Pedersen rigid if its dual action is
strongly fixed-point rigid.
Definition 3.2. An action (C, ζ) of Ĝ is fixed-point rigid if the au-
tomorphism group of (C, ζ) acts transitively on the set of generalized
fixed-point algebras, i.e., for any two Ĝ-equivariant strictly continuous
unitary homomorphisms V,W : G → M(C) there is an automorphism
Θ of (C, ζ) such that
Θ(Cζ,V ) = Cζ,W .
An action (A,α) of G is Pedersen rigid if its dual action is fixed-point
rigid.
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Lemma 3.3. Let (C, ζ, V ) be an equivariant action of Ĝ, and consider
the following properties:
(1) ζ is strongly fixed-point rigid.
(2) For every equivariant action (D, ε,W ) of Ĝ, if Θ: (C, ζ)
'−→
(D, ε) is a conjugacy then Θ(Cζ,V ) = Dε,W .
(3) ζ is fixed-point rigid.
(4) For every equivariant action (D, ε,W ) of Ĝ, if ζ and ε are
conjugate then there is a conjugacy Θ: (C, ζ)
'−→ (D, ε) such
that Θ(Cζ,V ) = Dε,W .
Then (1)⇔ (2)⇒ (3)⇔ (4).
Proof. Assume (1), and let Θ: (C, ζ)
'−→ (D, ε) be a conjugacy. Then
Θ−1 ◦W is a Ĝ-equivariant strictly continuous unitary homomorphism,
so
Cζ,V = Cζ,Θ
−1◦W (since (C, ζ) is strongly fixed-point rigid)
= Θ−1
(
Dε,W ),
and we have shown (2). Conversely, (2) ⇒ (1) follows by taking
(D, ε) = (C, ζ) and Θ = idC .
(1)⇒ (3) is trivial, and (3)⇔ (4) is similar to (1)⇔ (2). 
Corollary 3.4. Let (A,α) be an action of G, and consider the following
properties:
(1) α is strongly Pedersen rigid.
(2) For every action (B, β) of G, if Θ: (AoαG, α̂)
'−→ (BoβG, β̂)
is a conjugacy then Θ(iA(A)) = iB(B).
(3) α is Pedersen rigid.
(4) If (B, β) is any action of G, then α and β are outer conjugate
if and only if α̂ and β̂ are conjugate.
Then (1)⇔ (2)⇒ (3)⇔ (4).
Proof. Recall that iA(A) = (A oα G)α̂,i
α
G , and similarly for iB(B). By
Pedersen’s theorem, condition (4) is equivalent to the following: for any
action (B, β) of G, if α̂ and β̂ are conjugate then there is a conjugacy
Θ: (A oα G, α̂)
'−→ (B oβ G, β̂) such that Θ(iA(A)) = iB(B). Now
apply Lemma 3.3 with (C, ζ, V ) = (AoαG, α̂, iαG), keeping in mind that
if (D, ε,W ) is any equivariant action of Ĝ, then by Landstad duality
there is an action (B, β) ofG and a conjugacy Ψ: (D, ε)
'−→ (BoβG, β̂)
such that Ψ ◦W = iβG. 
Thus, the Pedersen rigidity problem is equivalent to the following:
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The Pedersen rigidity problem (alternative formulation). Is every
action of G Pedersen rigid?
But now with the stronger type of rigidity, we can ask for more:
The strong Pedersen rigidity problem. Is every action of G strongly
Pedersen rigid?
In fact, our no-go theorems seem to hint that this stronger rigidity
might hold.
In the next section, we will discuss the rigidity problem when restrict-
ing to certain types of groups and actions, and therefore we introduce
the following:
Definition 3.5. We say that a class C of actions of G is Pedersen rigid
if two actions in C are outer conjugate if and only if their dual actions
are conjugate.
Remark 3.6. Suppose we are given an action (C, ζ) of Ĝ. Let us write
H(G,C, ζ) for the set of all Ĝ-equivariant strictly continuous unitary
homomorphisms V : G → M(C). Note that the group Aut(C, ζ) acts
on this set by composition:
(θ, V ) 7→ θ ◦ V : Aut(C, ζ)×H(G,C, ζ)→ H(G,C, ζ).
Now let us write GFPA(C, ζ) for the set of all generalized fixed-point
algebras of the action (C, ζ). Then we have a surjection
V 7→ Cζ,V : H(G,C, ζ)→ GFPA(C, ζ),
and the action of Aut(C, ζ) descends to an action on GFPA(C, ζ). By
definition, the action (C, ζ) is fixed-point rigid if and only if this action
on GFPA(C, ζ) is transitive. This leads us to consider a stronger
property: can the action of Aut(C, ζ) on H(G,C, ζ) be transitive? We
will explain here that the answer is generally negative.
For every V ∈ H(G,C, ζ), by Landstad duality there are an action
(A,α) of G and a conjugacy
Θ: (Aoα G, α̂)
'−→ (C, ζ)
such that
Θ ◦ iαG = V.
In other words, the elements V ∈ H(G,C, ζ) correspond to actions
(A,α) of G for which (A oα G, α̂, iαG) = (C, ζ, V ). If we take another
W ∈ H(G,C, ζ) and another action (B, β) of G with (BoβG, β̂, iβG) =
(C, ζ,W ), then it follows from Landstad duality that (A,α) ' (B, β)
if and only if there exists θ ∈ Aut(C, ζ) such that θ ◦ V = W . We can
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arrange for (B, β) to be outer conjugate, but not conjugate, to (A,α),
and then there is no automorphism of (C, ζ) taking V to W .
As we mentioned above, our no-go theorems hint at the possibility
that every action of G is actually strongly Pedersen rigid. If so, then
the set GFPA(C, ζ) would be a singleton, but again we could easily
have the action of Aut(C, ζ) on H(G,C, ζ) be nontransitive.
Remark 3.7. The above definition of fixed-point rigidity (as well as
strong fixed-point rigidity) can be phrased in terms of actions of an
arbitrary locally compact group Γ instead of Ĝ, but then the homomor-
phism V : G → M(C) would have to be replaced by a nondegenerate
homomorphism from C0(Γ) to M(C) that is equivariant for ζ and the
action of Γ on C0(Γ) given by right translation.
Moreover, Theorem 2.1 also holds for non-abelian groups, again by
applying [KOQ16, proof of Theorem 5.9]. Hence, the Pedersen rigidity
problem can be formulated for arbitrary locally compact groups as well.
Remark 3.8. It is interesting to note that the rigidity theory for C∗-
dynamical systems discussed in this paper bears resemblance to recent
works involving diagonal-preserving isomorphisms between graph C∗-
algebras, see [Mat16, Theorem 1.5] and [CR16, Theorem 4.1].
4. No-go theorems
4.1. Discrete groups. If G is discrete, then Ĝ is compact, so the
dual action has a genuine fixed-point algebra, and hence all generalized
fixed-point algebras coincide. Consequently, we get the following result
(which we have not found in the literature):
Proposition 4.1 (No-Go Theorem 1). If G is discrete, then every
action of G is strongly Pedersen rigid.
Thus, by Pedersen’s theorem, if G is discrete, then two actions of G
are outer conjugate if and only if the dual actions are conjugate.
4.2. Stable C∗-algebras. If (AoαG, α̂) ' (BoβG, β̂), then by Takai
duality the actions α and β must at least be Morita equivalent.
Moreover, [Com84, Section 8 Proposition] says that if A and B are
stable and have strictly positive elements (which is satisfied if they are
separable, for example) then α and β are Morita equivalent if and only
if they are outer conjugate. This leads to
Proposition 4.2 (No-Go Theorem 2). The class of actions of G on
stable C∗-algebras possessing strictly positive elements is Pedersen rigid.
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Thus (assuming, for example, that we restrict our attention to sepa-
rable C∗-algebras) we will not find any examples of multiple generalized
fixed-point algebras unless at least one of A and B is nonstable. This
indicates that the phenomenon of multiple generalized fixed-point al-
gebras is delicate in some sense, since it would not be possible, for
example, if we replace the original actions by their double duals, since
double crossed products are always stable.
4.3. Commutative C∗-algebras. For commutative algebras, we have
a stronger version of Proposition 4.2.
Proposition 4.3 (No-Go Theorem 3). If A and B are commutative,
then actions (A,α) and (B, β) of G are conjugate if and only if the
dual actions are conjugate. In particular, the class of actions of G on
commutative C∗-algebras is Pedersen rigid.
Proof. It suffices to show that if the actions α and β are Morita equiv-
alent then they are conjugate. Suppose we have an α − β equivariant
A−B imprimitivity bimodule. Then the associated Rieffel homeomor-
phism B̂ ' Â [Rie74, Corollary 6.27] is G-equivariant, and this gives
an α− β equivariant isomorphism A ' B. 
Remark 4.4. If we have an action (A,α) and we know that A is com-
mutative, then the dual action α̂ contains all the information about α
(up to conjugacy), so weaker forms of equivalence are of interest. In a
recent paper by Li [Li15], a notion of continuous orbit equivalence for
topological dynamical systems is discussed:
Let X and Y be locally compact Hausdorff spaces on which G acts.
Then (X,G) and (Y,G) are said to be continuously orbit equivalent
if there exists a homeomorphism ϕ : X → Y and continuous maps
a : G ×X → G and b : G × Y → G such that ϕ(g · x) = a(g, x) · ϕ(x)
and ϕ−1(g · y) = b(g, y) ·ϕ−1(y). This is clearly weaker than conjugacy
(which is obtained by setting a(g, x) = b(g, y) = g).
Moreover, if G is discrete and the actions are topologically free, then
[Li15, Theorem 1.2] says that (X,G) and (Y,G) are continuously orbit
equivalent if and only if there exists an isomorphism Φ: C0(X)oG→
C0(Y )oG satisfying Pedersen’s condition.
The no-go theorems Propositions 4.2 and 4.3 have consequences for
equivariant actions:
Corollary 4.5. Let (C, ζ) be an action of Ĝ, and let V,W : G→M(C)
be Ĝ-equivariant strictly continuous unitary homomorphisms. If both
Cζ,V and Cζ,W are stable and have strictly positive elements, or both
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are commutative, then there is a ζ-equivariant automorphism of C that
takes Cζ,V to Cζ,W .
Proof. By Landstad duality, there exist actions (A,α) and (B, β) of G
and conjugacies
(Aoα G, α̂)
θ
'
// (C, ζ) (B oβ G, β̂)
ψ
'
oo
such that
θ ◦ iαG = V, θ(iA(A)) = Cζ,V , ψ ◦ iβG = W, ψ(iB(B)) = Cζ,W .
Then we have a conjugacy
ψ−1 ◦ θ : (Aoα G, α̂) '−→ (B oβ G, β̂),
and hence, by Propositions 4.2 and 4.3, (A,α) and (B, β) are outer
conjugate. Thus there exists a conjugacy
σ : (Aoα G, α̂)
'−→ (B oβ G, β̂)
(possibly different from ψ−1 ◦ θ) such that
σ(iA(A)) = iB(B).
Then ψ ◦ σ ◦ θ−1 is a ζ-equivariant automorphism of C such that
ψ ◦ σ ◦ θ−1(Cζ,V ) = ψ ◦ σ(iA(A)) = ψ(iB(B)) = Cζ,W . 
4.4. Inner actions. Any inner action α = Adu determined by a uni-
tary homomorphism u : G→M(A) is exterior equivalent to the trivial
action ι. Thus we can take the dual actions to be the same:
(Aoα G, α̂) = (Aoι G, ι̂).
The homomorphism iιG : G → M(A oι G) maps into the center, and
hence it commutes with iαG : G → M(A oι G). Therefore, by [QR95,
Lemma 1.6] (see also [BE15, Proposition 3.12] for a slightly more gen-
eral result) the generalized fixed-point algebras coincide:
(Aoα G)α̂,i
α
G = (Aoι G)ι̂,i
ι
G .
By transitivity, if we are given another action (B, β) such that
(Aoα G, α̂) ' (B oβ G, β̂),
then with a bit more work we will have:
Proposition 4.6 (No-Go Theorem 4). Every inner action is strongly
Pedersen rigid.
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Proof. We will apply Lemma 3.4 (1) ⇔ (2). Let (A,α) and (B, β)
be actions of G such that α is inner and α̂ is conjugate to β̂. Up to
isomorphism, we can take
(Aoι G, ι̂) = (Aoα G, α̂) = (B oβ G, β̂).
Then we have three equivariant unitary homomorphisms
iιG, i
α
G, i
β
G : G→M(Aoι G).
The first one maps into the center, and hence commutes with the other
two. Thus
(Aoα G)α̂,i
α
G = (Aoι G)ι̂,i
ι
G = (B oβ G)β̂,i
β
G .
Now we revert back to the original situation, without the “up to iso-
morphism” reduction, and we find that any isomorphism Θ: (A oα
G, α̂)
'−→ (B oβ G, β̂) will preserve the generalized fixed-point alge-
bras:
Θ
(
(Aoα G)α̂,i
α
G
)
= (B oβ G)β̂,i
β
G . 
Remark 4.7. Proposition 4.6 could be generalized by using the full
force of [BE15, Proposition 3.12]: given two actions (A,α) and (B, β),
if there is an isomorphism Θ: (A oα G, α̂)
'−→ (B oβ G, β̂) such that
the two sets of products
Θ(iαG(C
∗(G)))iβG(C
∗(G)) and iβG(C
∗(G))Θ(iαG(C
∗(G)))
coincide, then α and β are outer conjugate.
4.5. Ergodic actions of compact groups. Suppose that G is com-
pact, A is a unital C∗-algebra, and α is an action of G on A that
is ergodic, that is, the fixed-point algebra is Aα = C1. We refer to
[OPT80] for the following facts concerning ergodic actions of compact
abelian groups. For each γ ∈ Ĝ let Aγ be the associated spectral
subspace
Aγ = {a ∈ A : αs(a) = γ(s)a for all s ∈ G}.
We impose the further hypothesis that the action α is faithful (i.e.,
αs = αt implies s = t), and consequently
Aγ 6= {0} for all γ ∈ Ĝ.
Then for all γ ∈ Ĝ there is a unitary uγ ∈ A such that
Aγ = Cuγ.
Moreover, there is a 2-cocycle ω : Ĝ× Ĝ→ T such that
(4.1) uγuχ = ω(γ, χ)uγχ;
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unitary-valued maps u of G satisfying (4.1) are called ω-representations
(see [Wil07, Appendix D.3], for example), and we say that ω is compat-
ible with (A,α). Recall that a map ω : Ĝ× Ĝ→ T is called a 2-cocycle
if
ω(γ, χ)ω(γχ, σ) = ω(γ, χσ)ω(χ, σ) for all γ, χ, σ ∈ Ĝ.
We will assume that all our 2-cocycles are normalized, namely
ω(1, γ) = ω(γ, 1) = 1 for all γ ∈ Ĝ.
The set Z2(Ĝ,T) of all 2-cocycles is an abelian group under pointwise
multiplication. A cocycle ω ∈ Z2(Ĝ,T) is called a coboundary if there
is a map z : Ĝ→ T such that
ω(γ, χ) = z(γ)z(χ)z(γχ) for all γ, χ ∈ Ĝ.
The set B2(Ĝ,T) of all coboundaries is a subgroup of Z2(Ĝ,T), and
the quotient group H2(Ĝ,T) := Z2(Ĝ,T)/B2(Ĝ,T) is the second co-
homology group of Ĝ with values in T. Two 2-cocycles ω and ζ of Ĝ
are called cohomologous if ωB2(Ĝ,T) = ζB2(Ĝ,T), i.e., there is a map
z : Ĝ→ T such that
ω(γ, χ) = z(γ)z(χ)z(γχ)ζ(γ, χ) for all γ, χ ∈ Ĝ.
Faithful ergodic actions of G are classified by H2(Ĝ,T) in the following
sense: two faithful ergodic actions (A,α) and (B, β) of G, with com-
patible 2-cocycles ω and ζ, are conjugate if and only if ω and ζ are
cohomologous.
Let α be a faithful ergodic action of G on A, let ω be an α-compatible
cocycle, and let λω be the associated left regular ω-representation of Ĝ
on `2(Ĝ), given by
(λωγ ξ)(χ) = ω(γ, γχ)ξ(γχ) for γ, χ ∈ Ĝ, ξ ∈ `2(Ĝ).
Then there is an isomorphism
(Aoα G, α̂) ' (K(`2(Ĝ)),Adλω)
(see [OPT80, Remark 6.7]).
Proposition 4.8 (No-Go Theorem 5). If G is compact, then faithful
ergodic actions (A,α) and (B, β) of G are conjugate if and only if the
dual actions are conjugate. In particular, the class of faithful ergodic
actions of G is Pedersen rigid.
Proof. It suffices to prove that if (A,α) and (B, β) are faithful ergodic
actions of G such that
(Aoα G, α̂) ' (B oβ G, β̂),
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then (A,α) ' (B, β). Let ω and ζ be cocycles of Ĝ compatible with
α and β, respectively. By Lemma 4.9 below, the cocycles ω and ζ are
cohomologous, and hence the actions (A,α) and (B, β) are conjugate.

We thank Magnus Landstad for conversations that ultimately led to
the above no-go theorem.
In the above proof we referred to the following lemma, which we
state in abstract form, for a possibly nonabelian discrete group. The
result is contained in [Wil07, Proposition D.27], but we give a short
proof for convenience.
Lemma 4.9. Let ω1 and ω2 be 2-cocycles of a discrete group Γ, and
let pii be an ωi-representation for i = 1, 2. Suppose that the actions
(K(`2(Γ)),Ad pi1) and (K(`2(Γ)),Ad pi2) are conjugate. Then ω1 and
ω2 are cohomologous.
Proof. Since all automorphisms of K(`2(Γ)) are inner, we can choose a
unitary u ∈ U(`2(Γ)) such that
pi2(g)uxu
∗pi2(g)∗ = upi1(g)xpi1(g)∗u∗
for all g ∈ Γ and all x ∈ K(`2(Γ)). This means that
pi1(g)
∗u∗pi2(g)ux = xpi1(g)∗u∗pi2(g)u,
for all g ∈ Γ and all x ∈ K(`2(Γ)), hence there are scalars z(g) ∈ C
such that
pi1(g)
∗u∗pi2(g)u = z(g)1
for all g ∈ Γ, i.e., such that
pi2(g) = z(g)upi1(g)u
∗
for all g ∈ Γ. Define the ω1-projective representation pi′1 by pi′1(g) =
upi1(g)u
∗ for all g ∈ Γ. Then pi2(g) = z(g)pi′1(g) for all g ∈ Γ, and
ω2(g, h)z(gh)pi
′
1(gh) = ω2(g, h)pi2(gh)
= pi2(g)pi2(h)
= z(g)z(h)pi′1(g)pi
′
1(h)
= z(g)z(h)ω1(g, h)pi
′
1(gh).
for all g, h ∈ Γ. Hence,
ω2(g, h) = z(g)z(h)z(gh)ω1(g, h)
for all g, h ∈ Γ, so ω1 and ω2 are cohomologous. 
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4.6. Local rigidity.
Proposition 4.10 (No-Go Theorem 6). Let (A,α) be an action, and
let I be a family of α-invariant ideals of A such that A = span I. If
for each I ∈ I the restricted action αI is strongly Pedersen rigid, then
α is strongly Pedersen rigid.
Proof. Let (B, β) be an action, and suppose that we have a conjugacy
Θ: (Aoα G, α̂)
'−→ (B oβ G, β̂).
By Lemma 3.4, it suffices to show that Θ(iA(A)) = iB(B). Let I ∈ I,
and let αI denote the restricted action on I. Then I oαI G is an α̂-
invariant ideal of A oα G, so K := Θ(I o G) is a β̂-invariant ideal of
B oβ G. Then by [GL89, Theorem 3.4] (since G is amenable) there is
a β-invariant ideal JI of B such that
(JI oG, β̂JI ) = (K, β̂K).
Thus, by Lemma 3.4 again,
Θ(iI(I)) = iJI (JI).
But iI is the restriction of iA to the ideal I, and similarly iJI = iB|JI ,
so we have
Θ(iA(I)) = iB(JI).
Now, we have a family of β-invariant ideals {JI}I∈I of B, and
B oβ G = Θ(Aoα G)
= Θ
(
span
I∈I
I oG
)
= span
I∈I
Θ(I oG)
(since Θ is an isomorphism between C∗-algebras)
= span
I∈I
JI oG,
so by Lemma 4.11 below we have B = spanI∈I JI . Therefore,
Θ(iA(A)) = Θ
(
iA
(
span{I : I ∈ I}
))
= span {Θ(iA(I)) : I ∈ I}
= span {iB(JI) : I ∈ I}
= iB (span{JI : I ∈ I})
= iB(B). 
In the above proof we referred to the following general lemma, which
is presumably folklore:
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Lemma 4.11. Let (B, β) be an action, and let {JI}I∈I be a family of
β-invariant ideals of B such that
B oβ G = span
I∈I
JI oG.
Then B = spanI∈I JI .
Proof. Put
J = span
I∈I
JI .
Then J is a β-invariant ideal of B, and
J oG = span
I∈I
JI oG (by [Gre78, Proposition 9])
= B oβ G,
and so we must have J = B, by [Gre78, Proposition 11]. 
We will apply Proposition 4.10 to locally unitary actions. Recall
from [RW98, Section 7.5] that an action (A,α) is called locally unitary
if A is continuous-trace and for each pi ∈ Â there exist a compact
neighborhood F of pi and a strictly continuous unitary homomorphism
u : G → M(AF ) (where AF is the corresponding quotient of A) such
that αF = Adu (where αF denotes the quotient action of G). Since
Â is locally compact Hausdorff it is equivalent to require that there
exist an open set N containing pi and a strictly continuous unitary
homomorphism u : G→M(AN) (where AN is the corresponding ideal
of A) such that α = Adu on AN . To see this, note that, given such
a compact neighborhood F , we could take N to be the interior of F ,
and then, identifying A with the algebra of continuous sections of the
associated C∗-bundle that vanish at infinity, the corresponding ideal
AN is the set of sections vanishing outside N , while conversely given
an open set N , since Â is locally compact Hausdorff we can assume
without loss of generality that N has compact closure F , and then
the corresponding quotient AF is the set of continuous sections on the
restricted C∗-bundle over F . Then by Proposition 4.6 the restricted
actions on the AN ’s are strongly Pedersen rigid, and A is the closed
span of the AN ’s. Thus by Proposition 4.10 we have
Corollary 4.12. Any locally unitary action on a continuous-trace C∗-
algebra is strongly Pedersen rigid.
Question 4.13. Is there an analogue of Proposition 4.10 for quotients,
namely that if I is a family of α-invariant ideals such that ⋂ I = {0}
and for each I ∈ I the quotient action on A/I is strongly Peder-
sen rigid, then α is strongly Pedersen rigid? This would allow us to
strengthen Corollary 4.12 to pointwise unitary actions.
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Remark 4.14. Our original motivation for studying the rigidity question
for locally (or pointwise) unitary actions was [PR84, Proposition 2.5],
which characterizes exterior equivalence for locally unitary actions in
terms of isomorphism of the associated principal Ĝ-bundles
ÂoG→ Â
(and [OR90, Corollary 1.11] is a version for pointwise unitary ac-
tions). These characterizations of exterior equivalence made us wonder
whether we could find examples of different generalized fixed-point al-
gebras using these types of actions, but subsequent investigation led
us instead to the above no-go theorem. Thus, we have additional neg-
ative evidence for the existence of examples, alternatively, additional
evidence in support of an affirmative answer to the Pedersen rigidity
problem.
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